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Introduction
Spontaneous down conversion (SDC) -the decay of a single photon into two photons of smaller frequencies [1, 2] is a nonlinear quantum phenomenon which takes place due to the existence of zero-point electromagnetic fluctuations: laser light periodically perturbs the zero-point state of the medium and these perturbations cause a two-photon emission. In its origin SDC has similarity with the dynamical Casimir effect [3] : the two-photon emission arising from the change of the optical length of a resonator in the time which also causes the time-dependent perturbation of the zero-point state. SDC is of a remarkable interest from practical point of view, as the created photon pairs are in the entangled state and they may be used for quantum communication. At usual conditions SDC is characterized by the yield which depends only on the medium parameters [1, 2] ; therefore, this process is called the spontaneous parametric down conversion (SPDC). Ordinarily the yield of SPDC is of the order of 10 -12 or less, i.e. the process has an extremely low probability. An exception is the down conversion at a metal-dielectric interface where, due to the field enhancement for the surface plasmon polaritons, one may expect to get a few orders of magnitude larger yield [4] .
The independence of the yield of SDC from the excitation intensity should be observed as far as the perturbation theory for the description of the interaction of the laser light with the nonlinear medium is applicable. Usually in dielectrics this theory is violated if the excitation field E becomes comparable or stronger than the atomic field For such a strong excitation the optical breakdown can easily take place, which essentially complicates the study of the strong-field effect in the nonlinear optics. However, surface plasmon polaritons SPPs in metal-dielectric interfaces create a new situation: due to the field enhancement the characteristic limiting field for the perturbation theory may in this case be several orders of magnitude less than a E . Therefore, the usual perturbation theory may not work for SPPs already for rather a moderate excitation, which is incomparably weaker than the excitations which may cause an optical breakdown. This means that one can readily meet the experimental conditions where the non-perturbative theory of SDC is required.
In this communication we are presenting such a nonperturbative theory. The approach used here is based on the theory of quantum vacuum effects in strong fields (see, e.g. Refs. [5, 6] ). The problem under consideration has a similarity with the two-phonon decay of a strong vibration in solids, which has been investigated in Ref. [7] . Using the method proposed in Ref. [7] , we have found that there exists a critical power of excitation, typically of the order of 10 W, for which the yield of SDC is resonantly enhanced. If the power of excitation exceeds the critical one, then the yield of SDC diminishes. Such unexpected dependence of SDC on the excitation power has a clear physical explanation: in the case of strong excitation the laser field changes SPPs so rapidly that the zero-point fluctuations of SPPs, causing SDC, cannot follow these changes. This effect has a close analogy with the enhancement and the subsequent diminishing of the rate of two-phonon decay of a strong vibration in a crystal, with increasing its amplitude: at the characteristic amplitude typically of the order of few tenths of pm this rate gets a maximum; at larger amplitudes it becomes small [7] [8] [9] [10] ; see Ref [11] , where this effect was verified experimentally. An analogous enhancement of the two-quantum emission was also predicted [12, 13] for the dynamical Casimir effect.
Nonlinear wave equation for SDC
Here we are studying the SDC at the interface of a metal and a dielectric with nonzero second-order nonlinear susceptibility (2)   . We are considering the case of the excitation of the interface by a quasi-monochromatic laser pulse. The scheme of the possible set-ups is given in Fig. 1 . The created SPPs quanta are emitted to vacuum as photons through the Kretschmann prism. The SPPs in the interface are dominantly polarized perpendicularly to the interface. Therefore, to create the SPPs the dielectric should be oriented (cut) so that it has the non-zero components in this direction. (2)  . Down conversion can take place only if there already exists a nonzero field corresponding to at least one of the two generated quanta. In the case of SDC such a field is provided by zero-point fluctuations. To account these fluctuations, we need to consider the process quantum-mechanically. Therefore, to describe the SDC, we use the nonlinear waveequation for operators c E E t n P t
Here Ê is the operator of the electric field of one created quantum of the SPP, ˆN L P is the operator of the nonlinear
c is the velocity of light in vacuum, n is the refractive index, the small divergence ( ) E  is neglected. We are considering the second-order nonlinear polarization operator  is the frequency of this field, 1 ( , )
E r t 
is the field operator of the second quantum of the SPP, which is also created in the SDC process, propagating SPPs the enhancement factor may be several times larger [14] . The renormalization of the laser field which creates the moving polarization along the interface is usually not large, i.e. 0 1   [15] . Therefore, one can estimate for usual SPPs in the interface (2) 0.4
Equation for mode operator
Let us expand Ê into the series of plane wave operators:
Here ˆk E  is the mode operator, ˆk a  and ˆk a 
k a  is the initial destruction operator of this mode, k  corresponds to the momentum of the second emitted SPP quantum.
We suppose that the excitation is done by a Gaussian-like beam giving 
Number of the emitted SPP quanta
In the Heisenberg picture the spontaneous emission of SPP quanta is determined by the transformation of their operators in time. To find the number of the emitted quanta of SPPs one may apply the Coleman theorem [17] (see also [5, 6] ) according to which a classical time-dependent field leads to the Bogoliubov transformation of the creation and destruction operators. In the t   limit the transformed destruction operator gets the form
k   and k   are the parameters of the transformation, the created operator is transformed analogously. Therefore the vacuum states for initial operators 0 is not that for the final operators: the final particles are present in this state [5, 6] . The number of particles equals to 
This asymptotical value can be found if Eq. (6) is solved.
Weak excitation
If the laser excitation is weak then in Eq. (6) 
Let us substitute this equation into Eq. (10) and take the time derivative. We get
The sum in Eq. (11) should be replaced by integration over the frequency  and angle  : 
is the dimensionless energy of the nonlinear interaction of the SPP quantum with the laser light, 
describes the angular dependence of the emission.
Strong excitation
In the case of the strong excitation the approximation 
gives a contribution we get
where
depends on the time difference. Taking into account Eq. (12), we get the spectral rate of the emission in the form 
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The Fourier transformation of Eq. (23) gives the linear equation
An analogous equation also exists for Such unexpected dependence of the SDC on the excitation intensity has a clear physical explanation: in this case the laser field perturbs SPPs so rapidly that the zero-point fluctuations of SPPs cannot follow the change of the field and the generation of the SPP quanta caused by these fluctuations cannot take place.
The obtained dependence of the rate on  is analogous to the dependence of the two-phonon decay rate of a strong local vibration in a crystal on its amplitude found in Ref. [7] : this decay has maximal rate at a characteristic amplitude typically of the order of a few tenths of pm [8, 9] ; at larger amplitudes the rate slows-down. This-type of the dependence of the decay of the local vibration on its amplitude was experimentally observed in Ref. [11] for the relaxation of UV-light excited 
These equations are analogous to Eqs. (16) and (21) but they include the dependence on  and the additional sum over  . The rate of emission in  direction is also analogous to Eq. (19): 
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Here we take once more into account the sharp peaks of the Gaussian factors 
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The total spectral rate of the emission in this case is given by 
Discussion
According to the presented theory two mechanisms can lead to the enhancement of SDC at the metal-dielectric interface: the amplification of the local electric field associated with SPPs and the resonant enhancement of the SDC process when the energy of the interaction of a SPP quantum with the laser light at the interface becomes comparable to the quantum energy.
Let us first estimate the enhancement of the yield However, for the stronger excitation the yield will be reduced. We have shown that this reduction has a quantum origin: in the case of strong excitation the laser field perturbs SPPs so rapidly that the zero-point fluctuations of SPPs cannot follow the change of the field and, therefore, no generation of the SPP quanta caused by these fluctuations can take place. 
Conclusion
We have shown that SDC may be essentially enhanced if to use a properly prepared metal dielectric interface. There are two mechanisms which can lead to the enhancement: 1) amplification of the local electric field in the interface, resulting in an enlarged nonlinear interaction of the laser light with surface plasmon polaritons (we discussed this mechanism in Refs. [4, 13] ), 2) resonant enhancement of the SDC process when the change of the energy of the SPP quantum due to its nonlinear interaction with the laser light in the interface becomes comparable with its own energy. For the usual parameters of the interface this enhancement should take place for the excitation power in the order of 10 W. By using both of these, the enhancement allows one to get the yield of SDC many orders of magnitude larger than in the case of SDC in usual dielectrics. As a result, it may be possible to construct miniature devices serving as efficient sources of entangled photons, which may be used in quantum communication.
One can also expect that the non-perturbative theory of SDC presented here may be extended also for the nonperturbative description of other nonlinear optical processes, e.g. such as the four-wave mixing, the surface enhanced Raman scattering and the two-photon superradiance. * * * The research was supported by the Estonian research project IUT2-27.
